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Abstract. Based on the Koopman-van Hove (KvH) formulation of clas-
sical mechanics introduced in Part I, we formulate a Hamiltonian model
for hybrid quantum-classical systems. This is obtained by writing the
KvH wave equation for two classical particles and applying canonical
quantization to one of them. We illustrate several geometric properties
of the model regarding the associated quantum, classical, and hybrid den-
sities. After presenting the quantum-classical Madelung transform, the
joint quantum-classical distribution is shown to arise as a momentum
map for a unitary action naturally induced from the van Hove represen-
tation on the hybrid Hilbert space. While the quantum density matrix
is positive by construction, no such result is currently available for the
classical density. However, here we present a class of hybrid Hamiltonians
whose flow preserves the sign of the classical density. Finally, we provide
a simple closure model based on momentum map structures.
Keywords: Mixed quantum-classical dynamics · Koopman wavefunc-
tions · Hamiltonian systems · momentum maps.
1 Introduction
Following the first part of this work, here we deal with the dynamics of hybrid
systems where one subsystem is classical while the other is quantum. While con-
crete occurrences of quantum-classical physical systems still need to be identified,
quantum-classical models have been sought for decades in the field of quantum
chemistry. In this context, nuclei are treated as classical while electrons retain
their fully quantum nature. A celebrated example is given by Born-Oppenheimer
molecular dynamics. The formulation of hybrid classical-quantum dynamics is
usually based on fully quantum treatments, in which some kind of factorization
ansatz is invoked on the wavefunction. This ansatz is then followed by a classical
limit on the factor that is meant to model the classical particle.
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In our recent work [2,5], we followed a reverse route consisting in starting
with a fully classical formulation and then quantizing one of the subsystems.
The starting point is the Koopman-van Hove (KvH) equation considered in
Part I. After writing the KvH equation for e.g. a two-particle wavefunction
Ψ(z1, z2), we enforce ∂Ψ/∂p2 = 0 and then apply Dirac’s canonical quantization
rule p2 → −i~∂/∂q2. Here, the notation is such that zi = (qi, pi). In the case of
only one particle, one verifies that this process leads to the standard Schrödinger
equation i~∂tΨ = −(m−1~2/2)∆Ψ + V Ψ [6]. On the other hand, in the two-
particle case one obtains the quantum-classical wave equation
i~∂tΥ = {i~Ĥ, Υ} − LĤΥ, with LĤ := A·XĤ − Ĥ = p · ∂pĤ − Ĥ . (1)
Here, Υ ∈ HCQ = L2(T ∗Q ×M,C) is a wavefunction on the hybrid coordinate
space T ∗Q ×M comprising both the classical and the quantum coordinates z1
and q2, now relabelled simply by z = (q, p) ∈ T ∗Q and x ∈M , respectively. The
function Ĥ(z) is defined on T ∗Q and takes values in the space of unbounded
Hermitian operators on the quantum Hilbert space HQ = L
2(M,C). Also, we
recall that A = pidqi ∈ Λ1(T ∗Q) is the canonical one form on T ∗Q.
After reviewing the main aspects of the quantum-classical wave equation,
here we shall extend the treatment in Part I by extending Madelung’s hydro-
dynamic description to hybrid quantum-classical systems. Importantly, this un-
locks the door to the hybrid continuity equation for mixed quantum-classical
densities. Eventually, we shall extend the treatment to von Neumann operators
and show how the latter may be used to treat more general classes on mixed
quantum-classical systems.
2 The quantum-classical wave equation
This section reviews the algebraic and geometric structure of the quantum-
classical wave equation (1). First, we introduce the hybrid Liouvillian operator
L̂Ĥ = {i~Ĥ, } − LĤ , (2)
which is an unbounded self-adjoint operator on HCQ thereby making the hybrid
wavefunction Υ (z, x) undergo unitary dynamics. The name is due to the fact
that in the absence of the hybrid Lagrangian LĤ , this reduces to the classical
Liouvillian operator appearing in Koopman’s early work. Also, we notice that
in the absence of quantum coordinates the hybrid Liouvillian reduces to the
prequantum operator from the classical KvH theory.
At this point, it is evident that equation (1) is Hamiltonian as it carries
the same canonical Poisson structure as the quantum Schrödinger equation. In
















dz ∧ dx . (3)
Here, the L2−inner product is the immediate extension of the classical and quan-
tum cases. We proceed by emphasizing certain specific aspects of the quantum-
classical wave equation.
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Properties of the hybrid Liouvillian. As opposed to the prequantum opera-
tor from the KvH theory the hybrid Liouvillian (2) does not comprise a Lie alge-
bra structure. Indeed, while prequantum operators satisfy [L̂H , L̂F ] = i~L̂{H,F},








= i~L̂{Ĥ,F̂}−{F̂ ,Ĥ}. (4)
Here, the bar denotes conjugate operators while T stands for transposition [5].
In addition, the hybrid Liouvillian enjoys relevant equivariance properties with
respect to classical and quantum transformations. In particular, if (η, eiϕ) ∈
AutA(T
∗Q× S1), we have:
U †
(η,eiϕ)
L̂Â U(η,eiϕ) = L̂η∗Â , ∀ (η, eiθ) ∈ D̂iffω(T ∗Q) . (5)
Here, AutA(T
∗Q × S1) denotes the group of connection-preserving automor-
phisms of the prequantum bundle, as explained in Part I. Alternatively, one
also has equivariance under the group U(HQ) unitary transformations of the
quantum Hilbert space space HQ, namely
U †L̂ÂU = L̂U†ÂU , ∀ U ∈ U(HQ) . (6)
These equivariance relations also apply to a hybrid density operator extending
the classical Liouville density as well as the quantum density matrix.
The hybrid density operator. We define the hybrid quantum-classical density











holds for any hybrid quantum-classical observable Â(z). One gets the expression








D̂(z) dz = 1. Here, the superscript † denotes the quantum adjoint
so that Υ †1 (z)Υ2(z) =
´
M
Ῡ1(z, x)Υ2(z, x) dx. Even if unsigned, the operator D̂(z)
represents the hybrid counterpart of the Liouville density in classical mechanics
and of the density matrix in quantum mechanics. This hybrid operator enjoys
the following classical and quantum equivariance properies
D̂(U(η,eiϕ)Υ ) = D̂(Υ ) ◦ η−1 , ∀ (η, eiϕ) ∈ AutA(T ∗Q× S1) . (8)
D̂(ÛΥ ) = ÛD̂(Υ )Û † , ∀ Û ∈ U(HQ) . (9)
The equivariance properties (8)-(9) of the hybrid density operator under both
classical and quantum transformations have long been sought in the theory of
hybrid classical-quantum systems [3] and stand as one of the key geometric
properties of the present construction.
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Quantum and classical densities. Given the hybrid density operator, the
classical density and the quantum density matrix are obtained as
ρc(z) = Tr D̂(z) , ρ̂ :=
ˆ
T∗Q
D̂(z) dz , (10)
respectively. While ρ̂ =
´
T∗Q ΥΥ
† dz is positive by construction, at present there
is no criterion available to establish whether the dynamics of ρc preserves its
positivity, unless one considers the trivial case of absence of coupling, that is
Ĥ(z) = H(z) + Ĥ . Possible arguments in favor of Wigner-like negative distri-
butions are found in Feynman’s work [4]. So far, all we know is that the hybrid
classical-quantum theory presented here is the only available Hamiltonian theory
beyond the mean-field approximation that (1) retains the quantum uncertainty
principle and (2) allows the mean-field factorization Υ (z, x) = Ψ(z)ψ(x) as an
exact solution in the absence of quantum-classical coupling. However, we re-
cently identified infinite families of hybrid Hamiltonians for which both ρ̂ and
ρc are positive in time. We will get back to this point later on.
3 Madelung equations and quantum-classical trajectories
In this section we extend the usual Madelung transformation from quantum
mechanics to the more general setting of coupled quantum–classical systems.
Following Madelung’s quantum treatment, we shall restrict to consider hybrid
Hamiltonians of the type






|p|2 + V (q, x) , (11)
thereby ignoring the possible presence of magnetic fields. Here ∆x and the norm
|p| are given with respect to Riemannian metrics on M and Q. In this case, the








Υ + i~ {HI , Υ} , (12)
where we have defined the following scalar functions LI , HI on the hybrid space
T ∗Q×M :
HI(q, p, x) :=
1
2M
|p|2 + V (q, x) , LI(q, p, x) :=
1
2M
|p|2 − V (q, x) . (13)
These are respectively the classical Hamiltonian and Lagrangian both augmented
by the presence of the interaction potential.
Madelung transform.We apply the Madelung transform by writing the hybrid
wavefunction in polar form, that is Υ =
√
DeiS/~. Then, the quantum–classical



















divx(D∇xS) = {HI , D} , (15)
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where the operators ∇x, divx, and ∆x = divx ∇x are defined in terms of the
Riemannian metric on M . Each equation carries the usual quantum terms on
the left-hand side, while the terms arising from KvH classical dynamics appear
on the right-hand side (see the corresponding equations in Part I). We observe
that (14) can be written in Lie derivative form as follows:
(∂t +£X)S = L , with X = (XHI ,∇xS/m) . (16)
Here, XHI is the x-dependent Hamiltonian vector field on (T
∗Q,ω) associated
to HI . Moreover, we have defined the (time-dependent) hybrid Lagrangian











in analogy to the so-called quantum Lagrangian given by the last two terms
above. Then, upon taking the total differential d (on T ∗Q ×M) of (16) and
rewriting (15) in terms of the density D, we may rewrite (14)-(15) as follows:
(∂t +£X) dS = dL , ∂tD + div(DX) = 0 . (17)
Here, the operator div denotes the divergence operator induced on T ∗Q ×M
by the Liouville form on T ∗Q and the Riemannian metric on M . This form of
the hybrid Madelung equations has important geometric consequences which we
will present below.
Hybrid quantum-classical trajectories.Although the hybrid Madelung equa-
tions (14)-(15) are distinctively different from usual equations of hydrodynamic
type, the equations (17) still lead to a similar continuum description to that ob-
tained in the quantum case. For example, the second equation in (17) still yields
hybrid trajectories, which may be defined by considering the density evolution
D(t) = (D0◦Φ(t)−1)
√
JΦ(t)−1 , where Φ(t) is the flow of the vector field X and JΦ
the Jacobian determinant. Then, this flow is regarded as a Lagrangian trajectory
obeying the equation
Φ̇(t, z, x) = X(Φ(t, z, x)) , (18)
which is the hybrid quantum–classical extension of quantum trajectories [1]. In
turn, the hybrid trajectories (18) are also useful to express (14) in the form
d
dt (S(t, Φ(t, z, x))) = L (t, Φ(t, z, x)), which is the hybrid analogue of the KvH
phase evolution; see Part I. Additionally, in the absence of classical degrees of
freedom, this picture recovers the quantum Bohmian trajectories since in that
case the coordinate z plays no role. Similar arguments apply in the absence of
quantum degrees of freedom.
The symplectic form. The first equation in (17) can be rewritten in such a way
to unfold the properties of the flow Φ ∈ Diff(T ∗Q×M) on the quantum-classical
coordinate space. Since A ∈ Λ1(T ∗Q) and Λ1(T ∗Q) ⊂ Λ1(T ∗Q×M), we denote
A = p ·dq ∈ Λ1(T ∗Q×M). Likewise, the differential dx : Λn(M) → Λn+1(M) on
M induces a one-form dxV = ∇xV ·dx ∈ Λ1(T ∗Q×M) on the hybrid coordinate
space. Then, with a slight abuse of notation, one can rewrite the first in (17) as
(∂t +£X)(dS − A) = d(L − LI)− dxV .
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This equation is crucially important for deducing the quantum-classical dynam-







p · dq =
˛
γ(t)
∇xV · dx , (19)
where γ(t) = Φ(t) ◦ γ0. Then, standard application of Stoke’s theorem yields the







, with d(dxV ) =
∂2V
∂qj∂xk
dqj ∧ dxk , (20)
which reduces to the usual conservation Φ(t)∗Ω = Ω in the absence of coupling.
4 Joint quantum-classical distributions
In standard quantum mechanics, the emergence of a probability current gives to
the evolution of the quantum density distribution ρq(x) = |ψ(x)|2 the structure
of a continuity equation. This structure transfers to the hybrid case for which
∂tρq = − divx
´
T∗Q(D∇xS/m) dz, which follows from (15). Here, we will present
the analogue of the continuity equation for joint quantum-classical distributions.
Hybrid joint distribution. Denoting by KD̂(z;x, y) the kernel of the hybrid
density operator (7), we first introduce the joint quantum-classical distribution:
D(z, x) :=KD̂(z;x, x) (21)




+ i~{Υ, Ῡ} . (22)
This represents the joint density for the position of the system in the hy-
brid space T ∗Q ×M . Then, the quantum probability density is given by ρq =
´
T∗Q
D(z, x) dz. As shown in [5], equation (22) identifies a momentum map
Υ 7→ D(Υ ) for the natural action on HCQ of a slight generalization of the group
AutA(T
∗Q×S1), which we are now going to introduce. Denote by F(M,G) the
space of smooth mappings fromM to a group G; this space is naturally endowed
with a group structure inherited by G. Then, we let G = AutA(T
∗Q×S1) so that
F(M,AutA(T ∗Q× S1)) possesses a unitary reperesentation on HCQ that is in-
herited from the van Hove representation of AutA(T
∗Q×S1) discussed in Part I.
We refer the reader to [5] for further details. In particular, the Lie algebra of
F(M,AutA(T ∗Q×S1)) coincides with the Poisson algebra of smooth phase-space
functions A(z;x) that are parameterized by the quantum coordinates x ∈ M ,
that is F(M, autA(T ∗Q×S1)) ≃ F(M,C∞(T ∗Q)). Given A ∈ F(M,C∞(T ∗Q)),
the corresponding infinitesimal action on HCQ is then Υ 7→ −i~−1L̂AΥ , so that
the associated momentum map Υ 7→ D(Υ ) is given by (22).
Quantum-classical continuity equation. In analogy to the evolution of the
quantum mechanical probability density, the joint distribution satisfies a con-
tinuity equation generally involving the hybrid wavefunction. Upon using the
polar form Υ =
√
DeiS/~, the continuity equation for the joint distribution reads
∂tD = − div J = − divz JC − divx JQ , (23)
















































D ∈ Den(T ∗Q×M)
Fig. 1. Relations between hybrid wavefunctions Υ , the hybrid operator D̂, and the
joint density D.
where the classical and quantum components of the hybrid current J = (JC , JQ)
are expressed in terms of the vector field X in (16) as follows:











Notice the emergence of the last term in JQ, which is reminiscent of the quantum
potential from standard quantum hydrodynamics. Now, does D conserve its
initial sign during its evolution? Obviously, this is what happens in the absence
of coupling, when ∂2qjxkV = 0 and the symplectic form Ω is preserved in (20).
In addition, if the quantum kinetic energy is absent in (11), then JQ = 0 and
the hybrid continuity equation assumes the characteristic form ∂tD = {HI ,D}
thereby preserving the sign of D. Whether this sign preservation extends to more
general situations is a subject of current studies. Alternatively, one may ask if the
classical density ρc =
´
M
D dx is left positive in time by its equation of motion
∂tρc =
´
M{HI ,D} dx. The following statement provides a positive answer for
certain classes of hybrid Hamiltonians.
Proposition 1 ([5]). Assume a hybrid Hamiltonian of the form Ĥ(z) = H(z, α̂),
where the dependence on the purely quantum observable α̂ is analytic. Assume
that the hybrid density operator D̂(z) is initially positive, then the density ρc is
also initially positive and its sign is preserved by the hybrid wave equation (1).
5 A simple closure model
The high dimensionality involved in mixed quantum-classical dynamics poses
formidable computational challenges that are typically addressed by devising
appropriate closure schemes. The simplest closure is derived by resorting to
the mean-field factorization Υ (z, x) = Ψ(z)ψ(x), as described in [2]. Alterna-
tively, one can resort to the von Neumann operator description: after defining
a quantum-classical von Neumann operator Ξ̂ satisfying i~∂tΞ̂ = [L̂Ĥ , Ξ̂], a
mean-field factorization is obtained by writing Ξ̂ = Θ̂ρ̂. Here, Θ̂ and ρ̂ are von
Neumann operators on the classical and the quantum Hilbert spaces HC and
HQ, respectively. Then, as discussed in Part I, one may set the integral kernel
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Here, we will illustrate a slight extension of the mean-field factorization that
may again be obtained by following the final discussion in Part I. First, we per-
form a convenient abuse of notation by writing Ξ̂(z, x, z′, x′) := KΞ̂(z, x, z′, x′).
Then, the quantity i~ρ̃ := i~Ξ̂(z, x, z′, x′)|z=z′ emerges as a momentum map
for the natural action of F(T ∗Q,U(HQ)) on the Hilbert space HCQ, while the
quantum density matrix is
´
Ξ̂(z, x, z′, x′)|z=z′ dz (again, notice the slight abuse












Ξ̂(z, x, z′, x) dx, Ξ̂(z, z′)
)∣∣∣
z′=z
comprise a momentum map structure associated to the action of the semidirect-
product group Diff(T ∗Q)sF(T ∗Q,S1) discussed in Part I. Overall, the map





. At this point,
we express the total energy h(Ξ̂) = Tr(Ξ̂L̂Ĥ) in terms of the latter momentum
map by using the following ansatz (denote u = σ/D)
Ξ̂(z, x, z′, x′) = ρ̃
(






Then, the Hamiltonian functional reads h(σ,D, ρ̃) = Tr
´
ρ̃(D−1XĤ ·σ−LĤ) dz
and the resulting system for the dynamics of (σ,D, i~ρ̃) is Lie-Poisson on the dual
of the semidirect-product Lie algebra X(T ∗Q)s
(
F(T ∗Q) × F(T ∗Q, u(HQ))
)
.















= 0 , ∂tρ̂+ 〈XĤ〉 · ∇zρ̂ =
[
u ·XĤ − LĤ , ρ̂
]
,
where we used £〈X
Ĥ
〉A = ∇z〈LĤ〉+Tr(Ĥ∇zρ̂). Then, setting u = A yields





Notice that, while ρ̂ must be positive, the operator Ξ̂ in (26) is unsigned. Also,
the classical density ρc = D does not follow a Hamiltonian flow, while the quan-
tum density operator ρ̂ evolves unitarily in the frame moving with velocity 〈XĤ〉.
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